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Autonomous Heavy Object Pushing
Using a Coaxial Tiltrotor

Sunwoo Hwang∗, Dongjae Lee∗, Changhyeon Kim, and H. Jin Kim

Abstract—Aerial physical interaction (APhI) with a multirotor-
based platform such as pushing a heavy object demands genera-
tion of a sufficiently large interaction force while maintaining
the stability. Such requirement can cause rotor saturation,
because the rotor thrust enlarged for interaction force may
leave a reduced margin for attitude stabilization. We first design
an H-shaped coaxial tiltrotor that can generate a sufficiently
large interaction force than a conventional multirotor. We then
propose an overall framework composed of high-level robust
controller and low-level control allocation for the coaxial tiltrotor
to ensure robustness against uncertain motion of the unknown
interacting object and to overcome the saturation issue. To
guarantee the robustness at all time, we design a controller
based on a nonlinear disturbance observer (DOB). Then, we
formulate a problem of computing low-level actuator inputs
avoiding rotor saturation as a tractable nonlinear optimization
problem, which can be solved real-time. The proposed framework
is validated in extensive real-world experiments where the 3.3
kg tiltrotor successfully pushes a cart weighing up to 60 kg.
An ablation study with the tiltrotor shows effectiveness of the
proposed control allocation law in avoiding rotor saturation.
Furthermore, a comparative experiment with a conventional
multirotor shows failure in the same setting, which validates the
use of the coaxial tiltrotor. An experimental video can be found
at https://youtu.be/Gdmcmoz UjU

Note to Practitioners—The motivation of this work is to enable
heavy object manipulation, especially pushing operation, using a
multirotor platform. To push a heavy object, which has not been
treated in existing works, is challenging due to the presence of a
large unknown interaction wrench and rotor saturation issue. To
resolve this problem, we first build an H-shaped coaxial tiltrotor
that can effectively utilize rotor thrusts to generate horizontal
interaction force. Then, a robust controller is designed to address
uncertainty in the interaction wrench for the tiltrotor. Finally,
we propose an optimization-based control allocation to avoid
rotor saturation. Real-world experiments including heavy object
pushing and ablation study with respect to the control allocation
law are conducted to show the effectiveness of the proposed
framework. We validate the use of the coaxial tiltrotor in ad-
ditional comparative experiments with a conventional multirotor
which fails in pushing a 60 kg cart. The proposed framework
can be utilized in various applications such as disaster relief
operations, emergency rescue and aerial delivery.

Index Terms—robust control, disturbance observer, control
allocation, rotor saturation, tiltrotor, aerial physical interaction
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Fig. 1. (a) The 3.3 kg tiltrotor is pushing a 60 kg cart without losing stability.
(b) Overall control framework including controller and control allocation. xr

and x are reference trajectory and state feedback, respectively. u is a high-
level input computed by controller where F , βc denote a low-level actuator
input consisting of thrust F and servomotor command βc.

I. INTRODUCTION

Aerial robots have potential to conduct aerial physical
interactions (APhI) with a dynamic environment in various
situations such as disaster relief operation, emergency rescue,
and aerial delivery. To further enhance utility and efficiency of
a single aerial robot in APhI tasks beyond those demonstrated
in literature, such as opening a door [1], [2] or pushing a cart
[3], [4], the aerial robot should be capable of manipulating
objects much heavier than the robot itself.

Since the manipulation of heavy objects using an aerial
robot requires both a sufficiently large interaction wrench for
manipulation and a gravity-compensating force for hovering,
input saturation should be carefully addressed. If not tackled
properly, the saturation in the control input can cause not
only the degradation in the control performance but also
the loss of stability [5]. In addition, several issues including
unexpected motion of an environment and unknown time-
varying interaction wrench should be carefully managed for
successful heavy object manipulation using an aerial robot.

As one representative task of heavy object manipulation,
this work focuses on pushing. To resolve the problems of
1) uncertainty in the motion of an interacting object and
interaction wrench and 2) input saturation, this work presents
an overall framework consisting of a robust controller design
and control allocation for an H-shaped coaxial tiltrotor. The
coaxial tiltrotor in Fig. 1 is designed for its capability of
generating a sufficiently large interaction wrench compared

https://youtu.be/Gdmcmoz_UjU
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to the tiltrotor’s weight. Then, to endow robustness during
interaction with a dynamic object, we construct a robust
controller applicable to the tiltrotor. We enhance flexibility
in the gain tuning process by introducing a multivariable
control gain responsible for rejecting disturbance instead of
a scalar control gain adopted in existing works [6]–[8]. This
modification allows users to separately tune control gains
in all 6-dimensional translational and rotational directions.
Finally, we formulate a control allocation algorithm as a
hierarchical optimization problem to avoid rotor saturation
while ensuring real-time applicability (> 200 Hz). The overall
framework is demonstrated in real-world experiments where
extensive results validate the proposed framework in heavy
object pushing where the 3.3 kg coaxial tiltrotor successfully
pushes an approximately 20 times heavier 60 kg cart as in
Fig. 1.

A. Related Works

1) Robust Controller Design for APhI: Various APhI pa-
pers employ robust control [7]–[10] to treat the interaction
wrench as a disturbance to be compensated. Especially during
APhI with a dynamic environment, both steady-state and
transient performances are critical because the interaction
force is correlated to the relative motion between the multirotor
and the interacting object. The robust controller in [10] for the
tiltrotor can provide guarantee in the steady-state performance
only, not transient performance. [11] presents a robust model
reference adaptive control for a tiltrotor that guarantees both
performances, but the controller requires the upper bound of
external disturbance, which may limit practicality. Robust con-
trollers based on a nonlinear disturbance observer (DOB) [7],
[8] or a prescribed performance control [9] are proposed for a
convevntional multirotor to ensure both performances, which
alleviate the need for the upper bound of external disturbance.
For the tiltrotor platform, however, a new controller needs to
be constructed due to its additional control degrees of freedom
(CDoF).

In designing DOB, a control gain responsible for rejecting
disturbance is originally defined to be a single scalar [6]–
[8]. However, referring to equations of motion of a rigid
body, dynamic characteristics of 6-dimensional translation
and rotation are dissimilar. Therefore, tuning a proper scalar
gain appropriate for each state channel can be demanding in
practice.

2) Control Allocation for Multirotors: In solving a control
allocation problem for the designed coaxial tiltrotor, hardware-
inherent nonlinearity and redundancy caused by the tilting
mechanism and overactuation should be suitably addressed.
Thus, we review papers on similar control allocation problems
for multirotor platforms. First regarding hardware-inherent
nonlinearity, [12]–[14] adopt a variable transformation method
for a fully actuated tiltrotor. Similarly, the method is applied
to 5-CDoF tiltrotors in [11], [15], [16]. However, such method
assumes that the tilt angle of individual rotors (or rotor groups
if they are coaxial) can be independently controlled, which is
not applicable to our platform. Instead of regarding tilt angles
of rotors as a control input, [14], [17] utilize angular velocity

of the tilt angles and bypass nonlinearity. However, since
they require acceleration measurement which is susceptible
to sensor noise in practice, control performance may easily
get deteriorated.

Next, in handling redundancy, the Moore-Penrose pseudo-
inverse of a matrix can be applied [18], [19]. For the H-shaped
tiltrotor, [10] suggests an optimization problem minimizing
overall thrust where redundancy is resolved. To further exploit
redundancy, one popular approach is to deploy null-space in
achieving secondary objectives [14], [17], [20], [21]. They
utilize null-space to handle singularity [17], [20], to avoid
downwash effect [21] or to achieve cable unwinding [14].
However, rotor saturation avoidance is not considered in the
aforementioned works. [22] presents a QP formulation to han-
dle rotor saturation partially in solving the control allocation
problem, but not the rotor saturation avoidance which is to
minimize maximum rotor thrust among 16 rotors of an over-
actuated multirotor. Although [23] considers rotor dynamics
and rotor saturation in solving a control allocation problem,
its method is only applicable to an underactuated multirotor
which does not involve hardware-inherent nonlinearity. To the
best of the authors’ knowledge, no work on tiltrotors considers
minimizing the maximal rotor thrust over all rotors to avoid
saturation in harnessing redundancy.

B. Contribution

The proposed framework includes the following contribu-
tions:

• We propose a nonlinear DOB-based robust controller
for a 5-CDoF underactuated tiltrotor which theoretically
guarantees both transient and steady-state performances
during object pushing. Furthermore, to facilitate gain
tuning in each translational and rotational direction, we
introduce a multivariable control gain responsible for
compensating disturbance, unlike existing works [6]–[8]
that use a scalar control gain.

• We propose a hierarchical optimization-based control
allocation law for rotor saturation avoidance, energy
consumption reduction, and servomotors’ position error
minimization with real-time applicability. To the best of
the authors’ knowledge, the control allocation method to
avoid rotor saturation is suggested for the first time for a
tiltrotor.

• We conduct real-world experiments of pushing a cart up
to 60 kg which is roughly 20 times heavier than the
3.3 kg tiltrotor. Furthermore, a comparative study with
a conventional multirotor validates the effectiveness of
the proposed framework using a coaxial tiltrotor.

C. Preliminary Notations

In this study, c∗, s∗, and t∗ denote shorthands for cos(∗),
sin(∗), and tan(∗), respectively. For convenience, we use [a; b]
to express [a⊤ b⊤]⊤. Furthermore, xi and Mi denote ith

element of the vector x and ith row of the matrix M . For clear
distinguishment, we use lowercase letters for scalars, bold low-
ercase letters for vectors, and uppercase letters for matrices.
For unit vectors, we define e1 = [1; 0; 0], e2 = [0; 1; 0], and
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e3 = [0; 0; 1]. In and 0j×k denote an identity matrix in Rn×n

and a zero matrix in Rj×k. (̂·) operator is a mapping from
R3 to so(3). Finally, we define E5 ∈ R6×5 eliminating the
second row of an operand as E5 = blockdiag{[1; 0], I4}.

II. HARDWARE CONSIDERATION

During APhI, external torque disturbance is inevitable due
to tangential friction between an environment and an end-
effector of a multirotor-based aerial manipulator. Moreover, in
most APhI tasks, simultaneously achieving gravity compen-
sation and sufficient interaction force generation is essential.
As a result, the average rotor thrust exceeds the hovering
threshold, which reduces the margin available for rotor thrust.
Meanwhile, conventional multirotor generates yaw directional
body torque solely relying on aerodynamic drag. Here, a
drag coefficient kf which denotes the thrust-torque ratio is
generally small as 10−2 scale. Therefore, to perform APhI
with a conventional multirotor, a large difference in the rotor
thrusts should be generated despite the lowered thrust margin,
and thus, rotor saturation is highly likely.

To overcome this issue, we seek a new multirotor platform
that can harness rotor thrust as an additional source in gener-
ating yaw torque during APhI. Such actuation property can be
achieved either by disposing rotors with fixed tilt angle [19],
[24], [25] or enabling thrust vectoring [10]–[13], [15]–[17],
[26]–[31]. Since both methods can generate horizontal body
force using rotors with nonzero tilt angle, yaw torque can be
induced accordingly.

To ensure a sufficiently large interaction force margin, we
mainly consider and devise the following three criteria:
C1) The ratio of available thrust to the weight of the platform

should be sufficiently large.
C2) Thrust cancellation among rotors should not exist in any

direction.
C3) All rotors should contribute to horizontal force generation

during APhI.
To design a platform that fulfills the three criteria, we adopt
an H-shaped coaxial tiltrotor (see Fig. 2). First, the platform
utilizes only two servomotors to achieve thrust vectoring [10],
[29], thus the weight of added apparatus for thrust vectoring
can be kept small. Second, since the rotating axes of the
servomotors are parallel, thrust cancellation can be avoided.
Lastly, because all rotors can be rotated in the same direction,
all rotors can contribute to horizontal force generation during
APhI.

The H-shaped tiltrotor has advantages in the perspective
of the criterion C2 compared to the aerial platforms used in
[19], [24], [25]. This is because a fixed tilt angle configuration
utilized in these works causes inevitable thrust cancellation
during flight. The most widely adopted method to obtain thrust
vectoring capability is to deploy additional servomotors, which
is also used in the designed H-shaped tiltrotor. In [11], [13],
[15], [17], [26], [27], they assign one servomotor per each
rotor (or rotor group if coaxial). Although such approach
enables to control the full pose of an aerial robot [13],
[17], [27] or achieves high maneuverability [15], most of the
approaches suffer from thrust cancellation (violation of C2),

(a) Tiltrotor

(b) Sideview

Fig. 2. Illustration of the redesigned 5-CDoF tiltrotor. (a) O1, Om, O2 denote
moving coordinate frames of rigid bodies where Ow denotes the world inertial
frame. The index of each coaxial rotor group is introduced. (b) Tilt angles
β1, β2 of front and rear propeller groups are shown.

and the use of excessively many servomotors (4 or 6) may lead
to an unnecessary increase of the dead weight of an aerial robot
(violation of C1). [16], [28], [30] utilize fewer servomotors,
or even no servomotor just by relying on a passive mechanism
[31], but such configuration may limit the use of all rotors in
horizontal force generation during APhI, violating the criterion
C3. There exist other aerial platforms [12], [21], [32] capable
of thrust vectoring by which rotor thrust can participate in yaw
torque generation. However, unlike the H-shaped tiltrotor used
in this work, not all three criteria can be satisfied with those
platforms.

III. DYNAMICS

The tiltrotor used in this work consists of three rigid bodies:
front propeller group including coaxial groups 1 and 2, main
body, and rear propeller groups including coaxial groups 3 and
4 (see Fig. 2). Coordinate frames with the origin located at the
geometric center of each rigid body are defined as illustrated
in Fig. 2 where Ow is the world inertial frame.

In deriving dynamics of the tiltrotor, mb and Jb denote the
mass and inertia matrix of the main body (Om). Also, mp and
Jp are the mass and inertia matrix of each propeller group
(O1, O2), and m = mb + 2mp indicates the total mass of
the tiltrotor. We define iRj ∈ SO(3) as the orientation of the
frame Oj written in the frame Oi for i, j ∈ {1, 2,m,w} and
R = wRm for simplicity. Finally, for i = m, 1, 2, xi denotes
the position of Oi written in Ow, and ωi denotes the angular
velocity of Oi written in Oi.
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A. Actual Dynamic Model

We select a generalized coordinate χg = [χ;β] ∈ R8 where
χ = [xm;ϕ] ∈ R6 consists of the position xm = [x; y; z] and
ZYX Euler angles ϕm = [ϕ; θ;ψ] of Om, and β = [β1;β2]
denotes a vector of rotation angles of O1, O2 in their body
y-axis, respectively (Fig. 2).

Exploiting the Euler-Lagrange equation [33], the equation
of motion is derived as

Mgχ̈g + Cgχ̇g + kg = τg + τg,ext (1)

where Mg , Cg ∈ R8×8 and kg ∈ R8 are the mass and Coriolis-
centrifugal matrices and gravitational vector, and τg , τg,ext ∈
R8 are generalized torque and external disturbance. τg,ext can
include any additive disturbance such as the near-wall effect
and an interaction wrench during APhI. Now, extracting first
six rows of the equation (1), the dynamics of χ can be obtained
as follows:

M χ̈+ Cχ̇+ k = Q̂⊤τ +∆ (2)

where

∆ = τext −
[

03×1

Jp(2, 2)Q
⊤e2

]
(β̈1 + β̈2)−

[
03×2

C23

]
β̇,

and M = Q̂⊤MbQ̂, Q̂ = blockdiag{R⊤, Q},

Mb =

[
mI3 03×3

03×3 Jb + 2mpl
2
2ê

⊤
1 ê1 +

∑2
i=1

bRiJp
bR⊤

i

]
.

C23 ∈ R3×2 is a coupling term between ϕm and β extracted
from Cg . Also, l2 denotes half of the distance between front
and rear propeller groups, and Q is the Jacobian matrix
satisfying ωm = Qϕ̇m. Moreover, τ = [fb; τb] ∈ R6 denotes
generated body force/torque written in Om. We lump all the
remaining terms in the right-hand side of (2) as ∆ which
is considered as disturbance. Compared to the fact that a
conventional multirotor has 4-CDoF, the tiltrotor has 5-CDoF
thanks to the tilting mechanism. Thus, we can define a control
input u ∈ R5 satisfying τ = E5u where u consists of forces
in body x and z axes fb,1, fb,3, and a body torque τb ∈ R3.

Now, for the ease of controller design of the 5-CDoF
tiltrotor, we divide the entire system into fully actuated and
underactuated subsystems whose configurations are defined as
xf = [x; z;ϕ; θ;ψ] ∈ R5 and xu = y ∈ R, respectively.
We can obtain 5-dimensional dynamics of the fully actuated
subsystem by pre-multiplying E⊤

5 M
−1 to (2) as

ẍf = ff +Gfu+∆f (3)

where ff = −E⊤
5 M

−1(Cχ̇+k), Gf = E⊤
5 M

−1Q̂⊤E5, and
∆f = E⊤

5 M
−1∆. Moreover, the underactuated subsystem

can be derived from the second row of (2) as

ẍu = fu +Gu tanϕ
r +∆u (4)

where fu = u1cθsψ/m+ u2cϕsθsψ/m, Gu = −u2cϕcψ/m,
and ∆u contains external disturbance in global y direction
and matched disturbance Gu(tϕ − tϕr). Here, ϕr denotes a
reference value of ϕ where tanϕr is a virtual control input to
the underactuated subsystem.

B. Nominal Dynamic Model

We derive the nominal dynamics of the system with the
Newton-Euler equation. Considering the tiltrotor as a sin-
gle rigid body by assuming a constant inertia matrix with
β = 02×1, we can use the following 3-dimensional rigid body
dynamics:

mẍm = −mge3 +Rfb

Jω̇m = −ω̂mJωm + τb

where J = Jb+2mpl
2
2ê

⊤
1 ê1+2Jp denotes the nominal inertia

matrix of the tiltrotor. Using the fact that [fb; τb] = E5u, the
nominal dynamics of (3) can be written as

ẍf = f̄f + Ḡf ū (5)

where f̄f = [0;−g;−Q−1(Q̇ϕ̇m + J−1ω̂mJωm)], Ḡf =
E⊤

5 Q̂
−1M̄−1

b E5, M̄b = blockdiag{mI3, J} and ū denotes
the nominal control input. Likewise, the nominal dynamics of
(4) can be written as

ẍu = f̄u + Ḡu tan ϕ̄
r (6)

where f̄u, Ḡu denote the nominal value of fu, Gu computed
by replacing u with ū, respectively, and ϕ̄r is the nominal
signal of ϕr.

IV. CONTROLLER DESIGN

For pushing a heavy object, a sufficiently large interaction
force is required to manipulate an object with unknown inertia
and friction. However, since the required magnitude of the
interaction force is unknown, the object can only be moved
by gradually increasing the interaction force. For this purpose,
we adopt a robust controller to generate increasing interaction
force until the object starts to move. However, if steady-
state performance is only guaranteed as in [10], a transient
performance due to time-varying interaction force can be
degraded. To handle this issue, we design a robust controller
for the coaxial tiltrotor based on nonlinear DOB [34] which
guarantees both transient and steady-state performances.

A. DOB Formulation

In this subsection, we consider n-dimensional general
control-affine nonlinear system and analyze the stability of
the system with the proposed DOB-based control law. We first
define actual and nominal systems as follows:

ẍ = fx +Gxu+∆x (7)
¨̄x = f̄x + Ḡxū (8)

where x, x̄, u, fx, f̄x, ∆x ∈ Rn and Gx, Ḡx ∈ Rn×n. Here,
we allow a slight abuse of notation for indicating the system
state and input as [x; ẋ] and u, respectively. To conduct a
simpler analysis, we rewrite (7) as

ẍ = f̄x + Ḡxu+ [∆x + (fx − f̄x) + (Gx − Ḡx)u]

= f̄x + Ḡxu+ δx
(9)

where δx ∈ Rn can be treated as lumped disturbance.
Moreover, there may exist an underactuated subsystem that
can be controlled by x, ẋ. We express such underactuated
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Fig. 3. Proposed inner-loop controller (10). Compared to previous nonlinear
DOBs [6], [7], we allow to use of different ϵi for each xi. This allows
additional freedom in the gain tuning process while preserving desirable
stability properties. Signal flows of inner-loop vectors ux, q, p are shown.

subsystem as ÿ = fy + Gyvy(x, ẋ) where [y; ẏ] is the
underactuated state and vy(x, ẋ) denotes a function of the
system state which can be manipulated as a virtual control
input.

In the following, we first present a definition of sets and
a few assumptions to formally derive the proposed DOB
formulation.

Definition 1. First, define Ux as a known bounded set of
[x; ẋ]. Then, we define Sx ⊂ Ux as a compact set and S̄x

as a slightly smaller compact subset of Sx. If there exists
an underactuated subsystem described with a configuration
y, sets Uy , Sy and S̄y are defined in the same manner.

Assumption 1. If there exists an underactuated subsystem ini-
tialized with [y(0); ẏ(0)] ∈ Sy and controlled by [x; ẋ] ∈ Ux,
then [y(t); ẏ(t)] ∈ Uy is satisfied.

Assumption 2. f̄x, Ḡx, Ḡ−1
x and δx are at least C1 and

bounded in Ux × Uy .

Informally speaking, the assumptions are nothing but 1)
boundedness of the underactuated subsystem and 2) differ-
entiability of the external disturbance ∆x. Note that these
assumptions are widely adopted and easily satisfied in various
robust control applications, for example, by adopting PD con-
trol for the virtual control input and considering aerodynamic
effect and model uncertainty for disturbance. Thus, these
assumptions do not strongly restrict the applicability of the
proposed controller.

Now, we present the proposed DOB structure to design
a controller that guarantees both steady-state and transient
performances. As illustrated in Fig. 3, the proposed DOB
consists of inner-loop vectors ux ∈ Rn, q = [q1; q2; ...; qn],
p = [p1;p2; ...;pn] ∈ R2n where qi = [qi,1; qi,2], pi =
[pi,1; pi,2] ∈ R2 for i = 1, 2, ..., n. The above variables are
updated as

q̇i = Aiqi + xibi, ṗi = Aipi + λiḠx,iubi,

uxi = pi,1 − λi(q̇i,2 − f̄x,i),

u = u0 + (ΛḠx)
−1Π(ux)

(10)

where

Ai =

[
0 1

−ai,0/ϵ2i −ai,1/ϵi

]
, bi =

[
0

ai,0/ϵ
2
i

]
,

Λ = diag(λ1, λ2, ..., λn) ∈ Rn×n,

E = diag(ϵ1, ϵ2, ..., ϵn) = ϵxS ∈ Rn×n,

and u0 is any u0 ∈ C1 outer-loop control law that drives the
nominal system (8) with ū = u0 asymptotically stable. Here,
ai,0, ai,1, λi ∈ R++ are design parameters and ϵi ∈ R++

is sufficiently small value. Note that unlike previous works
[6]–[8], we allow different ϵi’s along each state channel xi
which facilitates gain tuning process. To denote that all the
diagonal elements of E satisfy ϵi ∈ O(ϵx) for an arbitrarily
small scalar ϵx, we introduce a constant diagonal matrix S.
This condition is imposed to preserve the stability property
while allowing different ϵi’s. Moreover, Π(·) : Rn → Rn is
the globally bounded C1 saturation function which satisfies

Π(ux) = ux ∀ux ∈ Sux ,

∥∂Π(ux)/∂ux∥ ≤ 1 ∀ux ∈ Rn

where Sux denotes the steady-state range of ux defined as

Sux = {ux|ux = −Λδx, [x; ẋ] ∈ Ux}. (11)

Details of the above steady-state property will be analyzed
after Lemma 1.

With this DOB structure and the designed inner-loop con-
troller, the actual system (9) behaves similarly to the nominal
system (8), which implies transient performance recovery1.
This closed-loop property is described in Theorem 1.

Theorem 1. Suppose that [x(t); ẋ(t)] is the solution of the
closed-loop actual system (9) with the designed control law
(10) initiated from [x(0); ẋ(0);y(0); ẏ(0); q(0);p(0)] ∈ S̄x×
S̄y × Sqp where Sqp is a known compact set of the initial
values of q, p. For a given σ ∈ R++, there exists ϵ∗x ∈ R++

such that for each ϵx ∈ (0, ϵ∗x], [x(t); ẋ(t)] satisfies

|[x(t); ẋ(t);u(t)]− [x̄(t); ˙̄x(t); ū(t)]| ≤ σ ∀t ≥ 0

where [x̄(0); ˙̄x(0); ū(0)] = [x(0); ẋ(0);u0(0)].

Proof. Theorem 1 will be proved in the following procedure.
We first rewrite the system in a standard singular perturbation
form by the coordinate transformation in Lemma 1. Then, error
dynamics of fast varying variables are derived, and the stability
of a corresponding boundary-layer model is analyzed to obtain
a reduced system. Next, inequality showing the boundedness
of the transformed error variables is introduced in Lemma
2. Finally, from Lemmas 1 and 2, we prove Theorem 1 by
applying Tikhonov’s theorem on the infinite time interval [35],
[36].

Lemma 1. Define ζ = [ζ1; ζ2; ...; ζn],η = [η1;η2; ...;ηn] ∈
R2n where

ζi =

[
ζi,1
ζi,2

]
=

[ 1
ϵi
qi,1 +

ai,1

ai,0
qi,2 − 1

ϵi
xi

qi,2 − ẋi

]
ηi =

[
ηi,1
ηi,2

]
=

[
pi,1 − λiq̇i,2

ϵi(ṗi,1 − λiq̈i,2)

]
.

1The closed-loop system consisting of the system dynamics (9) and the
control law (10) is guaranteed to be uniformly bounded with respect to the
nominal system.
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By applying coordinate transformation from [x; q;p] to
[x; ζ;η], the system (9) and (10) can be expressed as

ẍ = f̄x + Ḡxu0 + Λ−1Π(ux) + δx

ϵiζ̇i = Aζ,iζi − ϵi(f̄x,i + Ḡx,iu+ δx,i)r2

ϵiη̇i = Aη,iηi − ai,0λi(f̄x,i + δx,i)r2

(12)

where r2 = [0; 1] and

Aζ,i =

[
−ai,1 1
−ai,0 0

]
, Aη,i =

[
0 1

−ai,0 −ai,1

]
.

Thanks to Lemma 1, the system is transformed in a standard
singular perturbation form (12), and we can treat ζ, η as the
fast varying variables. With the transformed system dynamics
(12), quasi-steady-states of ζ, η can be obtained as

ζ∗
i =

[
0
0

]
, η∗

i =

[
−λif̄x,i − λiδx,i

0

]
where ()

∗ denotes a quasi-steady-state of a fast varying vari-
able. Here, define η[1] = [η1,1; η2,1; ...; ηn,1] ∈ Rn, then we
can obtain η∗

[1] = −Λf̄x−Λδx. From (10), ux = η[1]+Λf̄x

satisfies, which implies that ux is also a fast variable. Hence,
the quasi-steady-state of ux is ux∗ = −Λδx, from which the
definition of steady-state range (11) is obtained.

For further analysis, we define error variables ζ̃ = ζ − ζ∗,
η̃ = η − η∗ ∈ R2n and η̃[1] = η[1] − η∗

[1] ∈ Rn. Then, we
can derive error dynamics from (12) as

E⊗
˙̃ζ = Aζ ζ̃ − E⊗Ξ2[f̄x + Ḡxu0 + Λ−1Π(η̃[1] − Λδx) + δx]

E⊗ ˙̃η = Aηη̃ − E⊗Ξ1η̇
∗
[1] (13)

where Aζ = blockdiag{Aζ,1, ..., Aζ,n}, Ξ2 = In ⊗ [0; 1],
Aη = blockdiag{Aη,1, ..., Aη,n}, Ξ1 = In ⊗ [1; 0], E⊗ =
E⊗I2, and ⊗ denotes the Kronecker product. Then, to obtain a
boundary-layer model [35], we introduce linearly transformed
error variables as

ζ̃s = S−1
⊗ ζ̃, η̃s = S−1

⊗ η̃, S⊗ = S ⊗ I2. (14)

Note that ζ̃s, η̃s are not a function of ϵx, thus singular pertur-
bation analysis [35] with respect to ζ̃s, η̃s in the following
is well-defined. Using the fact that S−1

⊗ AζS⊗ = Aζ and
S−1
⊗ AηS⊗ = Aη , the error dynamics of the transformed error

variables can be written as

ϵx
˙̃
ζs = Aζ ζ̃s − ϵxΞ2ξ

ϵx ˙̃ηs = Aηη̃s − ϵxΞ1η̇
∗
[1]

(15)

where ξ = f̄x + Ḡxu0 + Λ−1Π(η̃[1] − Λδx) + δx. Then,
the boundary-layer model of (15) can be expressed as the
following linear equations:

ζ̃′
s = Aζ ζ̃s, η̃′

s = Aηη̃s (16)

where ()
′ denotes a derivative with respect to t/ϵx. Since Aζ ,

Aη are Hurwitz, the exponential stability of (16) leads us to
obtain a reduced system [35] or a quasi-steady-state of x from
(12) as

ẍ = f̄x + Ḡxu0 + Λ−1Π(ux∗) + δx

= f̄x + Ḡxu0 + Λ−1ux∗ + δx

= f̄x + Ḡxu0,

(17)

which coincides with the nominal system (8).

Remark 1. Since [x(0); ẋ(0)] ∈ S̄x and the vector field of (7)
is bounded by Assumption 2, there exists T1 ∈ R++ such that
[x(t); ẋ(t)] ∈ Ux for all t ∈ [0, T1]. Additionally, if the under-
actuated subsystem y exists, by Assumption 1, [y(t); ẏ(t)] ∈
Uy for all t ∈ [0, T1]. On the other hand, since [x̄(0); ˙̄x(0)] =
[x(0); ẋ(0)], there exists T2 ∈ R++ that satisfies the following
statement:

|[x(t); ẋ(t);u(t)]− [x̄(t); ˙̄x(t); ū(t)]| ≤ σ

2
∀t ∈ [0, T2].

Finally, T̄ is defined as T̄ = min(T1, T2).

Lemma 2. For the error variables ζ̃s, η̃s, the following
inequality holds for all t ∈ [0, T̄ ]:

|[ζ̃s(t); η̃s(t)]| ≤ c1e
−c2(t/ϵx)|[ζ̃s(0); η̃s(0)]|+Ω(ϵx) (18)

with some c1, c2 ∈ R++ and a class-K function Ω.

Proof. In (16), there exist symmetric positive definite matrices
P1, P2 ∈ R2n×2n satisfying P1Aζ +A⊤

ζ P1 = −I2n, P2Aη +

A⊤
η P2 = −I2n. Now, consider an overall Lyapunov candidate

function V (ζ̃s, η̃s) = W1 + W2 where W1 = ζ̃⊤s P1ζ̃s and
W2 = η̃⊤s P2η̃s. Using (15), the derivative of V is obtained as

V ′ =
∂W1

∂ζ̃s
(Aζ ζ̃s − ϵxΞ2ξ) +

∂W2

∂η̃s
(Aηη̃s − ϵxΞ1η̇

∗
[1])

= −|ζ̃s|2 − |η̃s|2 − 2ϵxζ̃
⊤
s P1Ξ2ξ − 2ϵxη̃

⊤
s P2Ξ1η̇

∗
[1]

≤ −|ζ̃s|2 − |η̃s|2 + ϵx|ζ̃s|∥2P1∥|ξ|+ ϵx|η̃s|∥2P2∥|η̇∗
[1]|.

Recall that η∗
[1] = −Λf̄x − Λδx, |ξ| and |η̇∗

[1]| are bounded
in t ∈ [0, T̄ ] by Assumption 2 and Remark 1. Therefore, there
exist some α1, α2 ∈ R++, and the following inequality holds:

V ′ ≤ −α1V + ϵxα2

√
V .

Finally, by the Comparison Lemma [35] and quadratic prop-
erty of V (ζ̃s, η̃s), Lemma 2 is proved.

Now, we can prove Theorem 1 using the above deriva-
tions and Lemmas. Recalling (17), the quasi-steady-state of
x ideally follows the nominal system so that we can con-
sider the nominal solution [x̄(t); ˙̄x(t)] as a solution of the
reduced system (17). From Remark 1, |[x(t); ẋ(t);u(t)] −
[x̄(t); ˙̄x(t); ū(t)]| ≤ σ/2 is satisfied for all t ∈ [0, T̄ ], and
from Lemma 2, |[ζ̃s(T̄ ); η̃s(T̄ )]| → 0 as ϵx → 0. Therefore,
Tikhonov’s theorem on the infinite time interval [36] can be
applied for t > T̄ , and Theorem 1 is proved.

B. Tiltrotor Controller Design

Thanks to the derivation of the DOB formulation in section
IV-A, a C1 nominal control law that asymptotically stabilizes
the nominal system (8) and satisfies Assumption 1 can lead
us to complete a robust controller design. From the nominal
system (5) and (6), we design a controller guaranteeing
exponential stability as follows:

tan ϕ̄r = (
1

Ḡu
)(−f̄u + ẍru − kdėu − kpeu),

ū = Ḡ−1
f (−f̄f + ẍr

f −Kdėf −Kpef )
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where kp, kd ∈ R++ and Kp, Kd ∈ R5×5 are positive definite
matrices. Here, ef = xf − xr

f and eu = xu − xru are error
variables of both fully actuated and underactuated subsystems
(3), (4) where ()

r denotes reference value.
By applying the proposed DOB structure to both fully and

underactuated subsystems, we can guarantee that the state
of the tiltrotor is uniformly bounded with respect to the
solution of nominal closed-loop dynamics using Theorem 1.
Furthermore, since the nominal closed-loop error converges to
the origin exponentially, the position and orientation error of
the actual dynamics are uniformly ultimately bounded for both
transient and steady-state regions.

V. CONTROL ALLOCATION

From the computed system input u, a control allocation law
is required to compute low-level actuator inputs which are
rotor thrusts and servomotor commands. Since there exist 10
actuators consisting of 8 rotors and 2 servomotors in spite of
the 5-dimensional system input u, the tiltrotor is overactuated
system. Thus, finding a proper solution among an infinite
number of solutions for low-level actuator inputs is required
to handle such redundancy.

A. Problem Definition

Before constructing an allocation law, we define a modified
input um = [u1;u2;u3/l1;u4/l2;u5/l1] and a dimensionless
ratio r = kf/l1 where l1 and l2 denote a half of a distance
between the two rotor axes in one propeller group depicted
in Fig. 2 and a half of a distance between the two propeller
groups, respectively. kf indicates the drag coefficient of pro-
pellers. Then, a mapping relation between the actuator input
and the modified system input is expressed as follows:

um = B8(β)f

= B8(β
c)f + [B8(β)−B8(β

c)]f
(19)

where

B8(β) =


s1 0 s1 0 s2 0 s2 0
c1 0 c1 0 c2 0 c2 0
−c1 rs1 c1 −rs1 c2 rs2 −c2 −rs2
−c1 0 −c1 0 c2 0 c2 0
s1 rc1 −s1 −rc1 −s2 rc2 s2 −rc2


and f = [f1+; f

1
−; ...; f

4
+; f

4
−] ∈ R8. Here, f i+ = f iu + f il and

f i− = f iu−f il where f iu, f il denote generated thrust force from
an upper and a lower propeller of the ith coaxial propeller
group (Fig. 2). Additionally, si, ci, ti denote the shorthands
of sin(βi), cos(βi), tan(βi), and βc = [βc

1;β
c
2] ∈ R2 denotes a

vector of servo angle command. We add and subtract B8(β
c)f

in (19) since directly controllable signal is βc and not β.
To further simply put the mapping equation, we define a

vector h ∈ R6 as follows

h = Af (20)

where

A =

[
Ā 03×4

03×4 Ā

]
∈ R6×8, Ā =

1 0 1 0
0 1 0 −1
1 0 −1 0

 .

Then, the mapping equation um = B8(β
c)f is divided as:um,1

um,2

um,4

 =

 sc1 sc2
cc1 cc2
−cc1 cc2

[
h1
h4

]
, (21)

[
um,3

um,5

]
=

[
rsc1 −cc1 rsc2 cc2
rcc1 sc1 rcc2 −sc2

]
h2
h3
h5
h6

 . (22)

Remark 2. In (19), there exists an error term [B8(β) −
B8(β

c)]f caused by servomotors’ delay. We treat this term
as matched disturbance and incorporate it into the lumped
disturbance ∆f defined in (3). Furthermore, it will be opti-
mized so that overall disturbance is diminished. In the end,
um = B8(β

c)f is considered as a mapping equation.

Remark 3. Unlike conventional multirotors, during APhI
when the servo angles are not zero, the designed tiltrotor
can additionally generate yaw directional body torque um,5

in (19) using rotor thrusts on top of conventional drag-based
torque generation. Such additional yaw torque generation is
represented in the odd elements of the fifth row of B8(β). In
conclusion, the tiltrotor has the advantage of conducting the
APhI task compared to conventional multirotor from avoiding
rotor saturation point of view.

B. Optimization-based Control Allocation Law

With the given value um, we need to solve (20), (21) and
(22) to find f and βc, and these provide a unique set of low-
level actuator inputs. However, the above equations have an
infinite number of solutions owing to redundancy and are hard
to be solved due to high nonlinearity from βc and trigono-
metrical functions. To simultaneously handle nonlinearity and
redundancy, we divide the control allocation problem into
two computationally tractable optimization problems in the
hierarchy as illustrated in Fig. 4. We derive an analytic solution
to the first optimization problem to handle nonlinearity and
formulate the second problem as linear programming (LP).

We minimize energy consumption and servomotors’ posi-
tion error in the first optimization problem, and maximum
thrust among all rotors is minimized in the second problem.
One possible drawback of solving the optimization problem
is heavy computation load which is particularly critical in
the control allocation process running faster than other high-
level motion controllers [13]. However, thanks to the proposed
allocation algorithm that utilizes the analytic solution and LP
formulation, we could achieve 400 Hz real-time computation
during whole experiments.

The first step minimizes overall energy consumption and
servomotors’ position errors which cause the matched dis-
turbance mentioned in Remark 2. We construct a nonlinear
optimization problem as follows:

min
h1,h4,βc

h1 + h4 + ws[(t
c
1 − t1)

2 + (tc2 − t2)
2],

s.t.

um.1

um,2

um,4

 =

 sc1 sc2
cc1 cc2
−cc1 cc2

[
h1
h4

]
.

(23)
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Fig. 4. Proposed optimization-based control allocator computing low-level actuator inputs. Hierarchically, step 1 resolves the nonlinearity of the mapping
equation, and then constructed LP in step 2 provides the proper solution.

Since h1+h4 in the objective function denotes the summation
of all rotor thrusts

∑4
i=1(f

i
u+f

i
l ), it implies energy consump-

tion. Also, the last term of the objective function multiplied
by a weighting coefficient ws minimizes servomotors’ position
errors, and the equality constraint is (21). We design such an
objective function since the analytic solution can be obtained
without resorting to NLP solvers which would be computation-
ally intractable to be solved online. Assuming sc1−sc2 ≃ s1−s2
for every step, an analytic solution of (23) is obtained as
follows by exploiting Karush-Kuhn-Tucker (KKT) conditions:[

tc1
tc2

]
=

[
α2 −α1

α1 α2

]−1 [α1α2

ws
(s1 − s2) + α2t1 − α1t2

um,1

]
where α1 = (um,2−um,4)/2 and α2 = (um,2+um,4)/2, and
h1, h4 can be computed from any two rows of (21). Thus, we
can treat h1, h4, and βc as the given values for the second
step optimization problem as depicted in Fig. 4.

The remaining task is to solve (20) and (22) which become
linear equations thanks to the above first-step optimization
problem. Here, (20) can be rewritten as follows:

f = A†h+ an1 + bn2 (24)

where n1 = [0; 1; 0; 1; 04×1], n2 = [04×1; 0; 1; 0; 1] ∈ R8

denote the basis of Null(A), and a, b ∈ R. To effectively
handle the redundancy and to provide a nonnegative solution,
we construct LP for the second step optimization problem as
follows:

min
hj ,a,b,s,
µi,u,µi,l

s+ wµ(µ1,u + µ1,l + . . .+ µ4,u + µ4,l),

s.t.
[
um,3

um,5

]
=

[
rsc1 −cc1 rsc2 cc2
rcc1 sc1 rcc2 −sc2

]
h2
h3
h5
h6

 ,
|f iu,pre − f iu| ≤ µi,u, |f il,pre − f il | ≤ µi,l,

0 ≤ f iu ≤ s, 0 ≤ f il ≤ s, i = 1, 2, 3, 4

(25)

where f iu,pre and f il,pre denote the values of f iu and f il
computed in the previous time step. Also, although inequality
constraints are written using f iu, f il for convenience, these
are linear inequalities with respect to h, a, b, referring to
(24). For the proposed objective function, s minimizes the
maximum thrust among all rotors to avoid rotor saturation. The
µ variables with a weighting coefficient wµ are additionally

introduced to prevent large oscillation of rotor thrust which
highly affects the control performance.

Note that one can thoroughly minimize the effect of rotor
saturation by setting the weighting factor wµ zero; however,
we observe in actual experiments that setting nonzero wµ is
crucial in mitigating thrust oscillation. Consequently, with the
proposed allocation law based on the hierarchical optimization
problem (23) and (25), we obtain low-level inputs consisting
of 8 rotors’ thrusts and 2 servomotors’ commands.

Remark 4. The effort to minimize β − βc contributes to
reducing the magnitude of the lumped disturbance ∆f in (3)
in two aspects. First, the magnitude of the error term caused
by the servomotors’ delay [B8(β) − B8(β

c)]f appeared in
Remark 2 can be directly mitigated. Furthermore, the effort
may contribute to inducing smaller acceleration β̈ and velocity
β̇ of servomotors which compose the lumped disturbance ∆f

referring (2) and (3).

Remark 5. Setting a = b = 0 in (24) and similarly applying
pseudo-inverse to (22), which we call a naive pseudo-inverse
method, we can easily obtain f . However, such pseudo-inverse
method neither consider the nonnegativity of computed thrusts
nor exploit redundancy advantageously; thus, rotor saturation
avoidance cannot be directly considered. The effectiveness of
the proposed LP in preventing rotor saturation compared to
the naive pseudo-inverse method is validated in experiments.

Remark 6. A rotor saturation-related hard constraint can be
imposed as s ≤ fmax where fmax is the maximum available
rotor thrust. However, considering (25) with wµ = 0, satura-
tion avoidance is still available without such hard constraint
which may rather incur infeasibility. Firstly, if there exists at
least one solution satisfying the condition s ≤ fmax, then the
formulated LP (25) with wµ = 0 finds a solution with satura-
tion avoidance property by definition. Secondly, even when
there exists no solution satisfying the hard constraint (e.g.
when an excessively large high-level control input is provided),
the LP does not encounter infeasibility. This property of the
proposed LP could provide control recovery after excessively
large control command disappears, possibly preventing the
worst crashing scenario.

VI. RESULTS

In this section, we present real-world experiments validating
the proposed overall framework for heavy object pushing task
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using the designed tiltrotor. Before conducting main experi-
ments, preliminary experiments that validate the effectiveness
of each proposed controller and allocation algorithm will
be introduced. For the first main scenario, we conduct an
interaction force measuring experiment to show the tiltrotor’s
capability of stably generating large horizontal force without
rotor saturation. Next, we repeatedly conduct heavy object
pushing experiments with varying weights of the object. All
experiments are successful even without any knowledge of the
weight of the object and interaction model, which validates
the robustness of the proposed controller and allocation law.
In experiments mentioned above, as stated in Remark 5, we
compare the proposed control allocation algorithm with a naive
pseudo-inverse method to demonstrate the effectiveness of the
proposed control allocation law in avoiding rotor saturation.
We execute both algorithms of the proposed and naive pseudo-
inverse methods during Experiments 1–3, but only the signal
computed from the proposed method is transmitted to actu-
ators. Lastly, we provide a comparative experiment using a
conventional multirotor which has the same physical property
as the tiltrotor for fair comparison. This manifests validity of
the designed tiltrotor in achieving heavy object pushing task.2

A. Experimental Setup

A customized 5-CDoF coaxial tiltrotor is constructed as
described in Fig. 2. Details of used components and physical
properties of the tiltrotor are shown in Table I. Here, although
only two servomotors are required for the tilting mechanism
of rotors, one additional servomotor is used to install a 1-
DoF robotic arm with an end-effector. This is only to com-
pensate the pitch angle during comparative experiments using
a conventional multirotor which requires a nonzero pitch angle
to generate a horizontal interaction force. All experiments
are performed under the Optitrack motion capture system
providing a pose measurement to an onboard computer at 100
Hz. Together with IMU measurements, the full state of the
tiltrotor is estimated using an error state Kalman filter whose
implementation details can be found in [37]. Before the main
experiments, we conduct a pre-experiment to obtain a mapping
between the PWM signal and thrust using Tyto series 1585
thrust stand with RCbenchmark data-acquisition software. In
addition, from this pre-experiment, we can obtain the drag
coefficient kf of the used propeller which indicates drag-based
torque to thrust force ratio.

Design parameters of the DOB-based controller and control
allocation can be found in Table II. Here, subscripts f and u
indicate DOB parameters of fully actuated and underactuated
subsystems, respectively. We set ai,0, ai,1 in (10) as constant
for all i, whose values are listed in Table II. Note that Λf in
the Table is obtained from Λf = blockdiag{

√
mI2, J

1/2}.
In implementing the proposed control allocation algorithm, we
solve LP in (25) using a commercial off-the-shelf CPLEX LP
solver [38] running at 400 Hz. All the algorithms are executed
on an onboard computer Intel NUC using Robot Operating
System (ROS) in Ubuntu 20.04.

2An experimental video can be found at https://youtu.be/Gdmcmoz UjU

TABLE I
MAIN COMPONENTS OF THE SYSTEM AND PHYSICAL PROPERTIES

(DIAGONAL ELEMENTS FOR MATRIX)

Component Product name Quantity

Onboard computer
Rotor
Propeller
Servomotor
ESC
PWM generator
IMU sensor
Battery (computer)
Battery (actuators)

Intel NUC i7
KDE2315XF-965
APC B9x4.5MR-B4
Dynamixel XM430 series
Hobbywing XRotor Micro 40A 4in1
Nucleo F446RE
Vectornav VN-100
Turnigy 2,200 mAh 4S LiPo
Turnigy 4,200 mAh 6S LiPo

1
8
8
3
2
1
1
1
1

Parameter Value Units

m
J
l1, l2
kf

3.3
(0.025, 0.035, 0.045)
0.17, 0.15
0.016

kg
kgm2

m
Nm/N

TABLE II
CONTROLLER AND CONTROL ALLOCATION PARAMETERS

(DIAGONAL ELEMENTS FOR MATRICES)

Controller

Parameter Value Parameter Value

Λf

Ef

Kp

Kd

a0

(1.82, 1.82, 0.158, 0.187, 0.212)
(0.3, 0.5, 0.1, 1.0, 0.5)
(6.0, 6.0, 90.0, 120.0, 15.0)
(4.0, 4.0, 30.0, 30.0, 15.0)
1.0

Λu

Eu

kp
kd
a1

1.0
1.0
6.0
4.5
2.0

Allocation

Parameter Value Parameter Value

ws 600.0 wµ 1.0

B. Planning for Object Pushing

A planning process for reference generation is required to
conduct experiments using autonomous robots. In this regard,
several planning techniques considering various constraints
such as collision avoidance [39], [40] could be employed.
However, to concentrate on demonstrating the contribution of
this work separately, we only focus on push planning.

To enable object pushing, an unknown but sufficiently large
interaction force should be applied to the object. To induce
such interaction force while utilizing the proposed robust
controller, we adopt a simple but effective strategy for setpoint
planning: assigning a penetrating setpoint behind the contact
surface of the object. Thanks to the disturbance rejection
property of the proposed DOB-based robust controller, even
without modulating the setpoint to further deviate from the
contact surface of the object, interaction force will accumulate,
eventually leading to the sufficient magnitude to push the
object. Thanks to this observation, a setpoint planner no longer
needs to additionally update the setpoint in the penetrating
direction as previously done in [7]. After the object moves,
we modify the setpoint to be on the contact surface of the
object to prevent excessive position error accumulation.

https://youtu.be/Gdmcmoz_UjU
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Fig. 5. Composite image of preliminary experiment related to controller
validation – circular trajectory tracking under the wind disturbance.

Fig. 6. Results for preliminary experiment related to controller validation
(Fig. 5). Maximum and minimum ϵ are chosen as 0.1 and 1.0 referring to the
tuned multivariable gain Ef in Table II.

C. Preliminary experiments – controller & control allocation
validation

We conduct preliminary experiments to validate the indi-
vidual effectiveness of 1) proposed DOB-based controller and
2) control allocation law. First, to validate effectiveness of
the proposed multivariable control gain formulation in the
DOB-based controller, we compare the proposed method with
other approaches where a constant ϵ gain is selected. We
perform circular trajectory tracking experiments as shown in
Fig. 5. To elaborate, the tracking experiments are repeatedly
conducted with the presence of time-varying wind disturbance
(maximum 3 m/s). Here, according to Theorem 1, using the
smaller values of ϵ theoretically ensures that the nominal and
actual systems behave similarly. For comparison, the constant
ϵ values are chosen as 0.1 and 1.0 which are the minimum and
maximum values of the tuned multivariable gain Ef in Table
II. Position and orientation errors are plotted in Fig. 6 where
proposed denotes the tuned multivariable ϵ gain. Here, consis-
tent with theoretical analysis, we observe that smaller values of
ϵ tend to decrease the error bound. On the other hand, although
the result of the minimum ϵ shows the smallest error bound,
there exists perceptible vibration especially in roll and pitch
angles. This is due to practical issues such as measurement

Fig. 7. Image of preliminary experiment related to validation of control
allocation (upper) – (a) start to push static environment, (b) pushing static
environment. Results for the experiment (lower). Red colored patch (22 s ∼
29 s) emphasizes the effectiveness of the proposed control allocation algorithm
in avoiding rotor saturation compared to the pseudo-inverse method.

noise. The oscillation of the fuselage could critically affect
overall stability in situations with larger disturbances such as
pushing a heavy object. Therefore, thanks to the proposed
DOB reformulation that enables the use of multivariable ϵ,
we can effectively use smaller values of ϵ in the desired states
or directions as much as possible and increase ϵ in directions
where oscillations are severe.

Next, for comprehensive validation regarding the proposed
control allocation algorithm, we conduct an experiment using
the pseudo-inverse method (Remark 5) while simultaneously
comparing the computation result of the proposed allocation
algorithm. To elaborate the scenario, the tiltrotor pushes a
static environment using the pseudo-inverse method until it
becomes unstable. At the same time, rotor PWM values
computed from the proposed allocation algorithm are recorded,
and the maximum among the PWM signals are plotted as
in Fig. 7. Here, it can be observed that the rotor saturation
is effectively avoided for about 7 s. Also, as shown in Fig.
7, the result displaying computation time confirms the real-
time applicability of the proposed optimization-based allo-
cation algorithm which is running at 400 Hz. Through this
experiment, we validate the superiority of the proposed method
and rationalize that the main experiments are performed using
the proposed control allocation algorithm.

D. Experiment 1 – Capability of the tiltrotor in horizontal
force generation

We conduct the experiment of measuring the interaction
force while pushing against a wall whose result is in Fig. 8.
Here, we exploit the FUTEK MBA500 load cell to measure the
force. As displayed in the upper plot of Fig. 8, the experiment
includes not only a pushing process of generating gradually
increasing horizontal force fx, but also a process of recovering
to an initial hovering state. This ensures that the aerial robot
can maintain stability during the force generation.
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Fig. 8. Results for experiment 1 validating capability of the tiltrotor. Red
colored patch (15 s ∼ 20 s) emphasizes the effectiveness of the proposed
control allocation law in preventing rotor saturation when the tiltrotor is
generating a relatively large interaction force.

Fig. 9. Composite image of experiment 2 – pushing a cart loaded with two
20 kg dumbbells (overall 60 kg).

An oscillation of PWM signals in the lower plot of Fig.
8 around 5 s is observed, which shows the stabilizing effort
of the tiltrotor against inevitable time-varying disturbance.
The above phenomenon can be frequently observed when a
hovering aerial robot begins to interact with an environment.
According to the upper plot in Fig. 8, the tiltrotor succeeds
in generating about 40 N of a horizontal interaction force that
is greater than 1.2 times the weight of the tiltrotor. Such a
result validates the capability of generating a large interaction
force stably. The bottom plot showing maximum PWM signals
suggests that the tiltrotor can even generate a larger force
thanks to the remaining thrust margin. Furthermore, as can
be found in the red-shaded time range in Fig. 8, the proposed
allocation law effectively prevents rotor saturation unlike the
naive pseudo-inverse method (Remark 5).

E. Experiment 2 – Heavy object pushing

We conduct cart-pushing experiments to validate the pro-
posed strategy for heavy object pushing task (Fig. 9). To
demonstrate the robustness of the proposed strategy in various
environment settings, we perform three different cart-pushing
experiments where we vary the weight of the cart using
additional weights. Experimental results with a 20 kg cart
additionally equipped with 20 kg and 40 kg dumbbells are
provided in Figs. 10 and 11 where the result with an empty
cart is displayed in the attached video. In Figs. 10 and 11,
for the upper three plots, solid lines and dotted lines denote
measurement data and their reference or command values,
respectively. Especially for the top plot of each figure, xe
and ye denote the horizontal position of an end-effector of

Fig. 10. Results for experiment 2 – pushing a cart equipped with 20 kg
additional weight (overall 40 kg).

Fig. 11. Results for experiment 2 – pushing a cart equipped with 40 kg
additional weight (overall 60 kg).

the tiltrotor while triangle markers denote the x-coordinate of
the cart’s interacting point in Ow. Also, the remaining plots
display trajectories of Euler angles (ϕ, θ, ψ) of the tiltrotor
and tilt angles (β1, β2) of servomotors, and time history of
the maximum PWM signal among all 8 rotors is plotted at the
bottom.

Figs. 10 and 11 show that the proposed strategy with the
designed tiltrotor successfully achieves the object pushing task
without any knowledge of the object’s physical properties and
frictional model. As can be found in the plots, the error of
roll and yaw angles are bounded within 5 deg throughout
the whole experiments, which confirms stability and transient
performance recovery. The same is also true for the pitch
angle, but a slightly larger deviation occurs in Fig. 11. This
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is because, while pushing the heaviest cart of 60 kg, an
inevitable disturbance including reaction torques incurred from
servomotors is exerted predominantly to the pitch direction.
The large servomotor torques are induced from a sudden
descent in the servo angle command βc, and this is again
mainly caused by a sudden drop in interaction force after the
cart is pushed. Since this servomotor torque is not measurable
nor directly controllable in most aerial robot applications due
to the use of lightweight servomotors, such torque can only
be addressed as a disturbance. Even in the presence of such
disturbance, we could observe uniform boundedness of all
states thanks to the proposed robust controller for rejecting
disturbance and control allocation law for reducing the servo
angle position error.

Lastly, the maximum PWM signal among 8 PWM signals
transmitted to the rotors at every instant is plotted in the
bottom of Figs. 10 and 11. Comparison is made with the
naive pseudo-inverse method that appeared in Remark 5. In
all the experiments, the proposed allocation law outperforms
the pseudo-inverse method in most time intervals where the
proposed method shows a lower maximum PWM value than
the compared method. We presume that few occurrences of
the opposite situation are owing to the soft constraint imposed
on the proposed optimization problem (25) which minimizes
deviation between the desired thrust and the current thrust.
Such behavior will be eliminated if we set the weight related
to such soft constraint as zero wµ = 0. However, we also
observe that such undesirable opposite situation only occurs
during recovery after the object is pushed, for example, the
time interval between t = 7 s and t = 9 s in Fig. 10 and
that between t = 10 s and t = 12 s in Fig. 11. Since
rotor saturation is usually not an issue during recovery, we
can assure that the proposed method provides sufficient rotor
saturation avoidance when it matters.

F. Experiment 3 – Comparative study using a conventional
multirotor

To validate the effectiveness of the considered tiltrotor
hardware, we conduct a comparative study with a conventional
multirotor. For a fair comparison, we use the same coaxial
tiltrotor hardware but with fixed zero tilt angles. In Fig. 13, for
the upper two plots displaying the pose history of the tiltrotor,
solid and dotted lines respectively denote measurement and
reference data as in the case of experiment 2. Here, for the
plot in the third row, τz indicates the yaw directional body
torque computed by the DOB-based controller designed for a
4-CDoF conventional multirotor [7].

Although only displayed in the attached video, the con-
ventional multirotor achieves to push an empty 20 kg cart
and a cart loaded with a single 20 kg dumbbell. However,
when pushing a cart loaded with two 20 kg dumbbells,
whose environment setting is equivalent to the heaviest case
of experiment 2, the multirotor fails. Among the two trials in
the same setting, Fig. 13 illustrates the only case that includes
a movement of the cart while the other case fails even in
an initial push and loses stability. The experimental result in
Figs. 12, 13 shows that the conventional multirotor eventually

Fig. 12. Composite image of experiment 3 – comparative study with a
conventional multirotor. During the experiment, the aerial robot loses stability
due to rotor saturation, and we manually pull the safety rope attached above
the aerial robot to prevent a crash.

Fig. 13. Results for experiment 3 – comparative experiment using a conven-
tional multirotor. The same coaxial tiltrotor platform is employed but with
fixed zero tilt angles.

becomes unstable although the multirotor initially pushes the
heavy cart. As depicted in the bottom of Fig. 13 showing the
maximum PWM signal, it is evident that the rotor becomes
saturated during the experiment. This saturation ultimately
leads to failure. As shown in the third and bottom plots of Fig.
13, the tendency of oscillation in both the body yaw torque
τz and the maximum PWM value among 8 rotors appears to
be similar and highly correlated, implying that τz may play a
significant role in rotor saturation causing the loss of stability.
Through this comparative study, we validate the necessity of
the proposed framework by showing that it is challenging to
achieve heavy object pushing using conventional multirotors
due to rotor saturation.

VII. CONCLUSIONS

This paper presented an overall framework for performing
a heavy object pushing task using a tiltrotor. The main
challenges are to maintain stability in the presence of uncertain
motion of the interacting object and to prevent rotor saturation
while generating a sufficiently large interaction force to push
a heavy object. To address these challenges, we proposed a
strategy composed of a robust controller design and control
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allocation algorithm. We designed the H-shaped coaxial tiltro-
tor suitable for heavy object pushing by effectively utilizing
rotor thrusts in generating both horizontal interaction force
and yaw torque. Next, by introducing a robust controller based
on the nonlinear DOB, we ensured both transient and steady-
state performance even in the presence of unknown motion
of the interacting object. Lastly, we prevented rotor saturation
by exploiting redundancy in the control allocation problem. A
hierarchy of optimization problems was formulated to address
hardware-inherent nonlinearity, and we derived an analytic
solution to the first problem and designed the second problem
as LP to facilitate real-time computation. Applicability of the
overall framework was validated in the real-world experiments.
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