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Abstract— This work proposes a saturated robust controller
for a fully actuated multirotor that takes disturbance rejec-
tion and rotor thrust saturation into account. A disturbance
rejection controller is required to prevent performance degra-
dation in the presence of parametric uncertainty and external
disturbance. Furthermore, rotor saturation should be properly
addressed in a controller to avoid performance degradation or
even instability due to a gap between the commanded input
and the actual input during saturation. To address these issues,
we present a modified saturated RISE (Robust Integral of the
Sign of the Error) control method. The proposed modified
saturated RISE controller is developed for expansion to a
system with a non-diagonal, state-dependent input matrix. Next,
we present reformulation of the system dynamics of a fully
actuated multirotor, and apply the control law to the system.
The proposed method is validated in simulation where the
proposed controller outperforms the existing one thanks to the
capability of handling the input matrix.

I. INTRODUCTION

Uncertainty in physical parameters or external disturbance
like wind degrades the control performance of a multirotor
if not properly considered. To address this issue, various
disturbance rejection controllers have been developed using
disturbance observer, sliding mode control, or backstepping
control [1–5]. However, none of these works consider phys-
ical limit of actuators, i.e. rotors. If rotor saturation is not
taken into account in a control law, a gap may exist between
the input command computed from a controller and the
actual input generated from an actuator, and this may lead
to performance degradation.

To handle such rotor saturation problem, there have been
research manipulating force and torque generated from a
multirotor. A priority-based control strategy to relax the total
thrust and the body torque is presented for a conventional
multirotor in [6], and [7] suggests a controller saturating
body force in x, y directions for a fully actuated multirotor.
However, stability during the proposed relaxation strategy is
not analyzed in the former, and the latter work considers
saturation only in the force level and not in the rotor level.

Owing to the actuation principle of a multirotor, cross-
coupling exists in a mapping from rotor thrusts to force
and torque (e.g. for a fully actuated multirotor considered in
this work, such mapping is represented by a matrix in (3)).
Accordingly, a box constraint on the rotor thrust ui ∈ [ui, ui]
does not imply a box constraint on a force/torque level.
Thus, if to consider a box constraint on a force/torque
level as in [8, 9], the box constraint should be defined in a
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conservative manner not to exceed the rotor thrust saturation
limit. For this reason, [10–12] consider saturation directly
in the rotor thrust level. However, only system dynamics
without uncertainty and disturbance is addressed, and they
lack disturbance rejection.

This work presents a saturated RISE (Robust Integral of
the Sign of the Error) controller for a fully actuated multiro-
tor that directly considers saturation in the rotor thrust level
and enables disturbance rejection. The proposed controller is
motivated by [13, 14], and we further develop the control law
to be applicable to a fully actuated multirotor. The existing
works consider a system dynamics in the form of M(q)q̈ =
f(q, q̇, t) + τ + d(t) where M(q) is a symmetric, positive-
definite matrix, and design a controller for τ . However, if u
is the control input to be designed for τ = B(q)u with B(q)
being a non-diagonal, time-varying input matrix, then the
existing method cannot be directly applied due to the input
matrix B(q). In this respect, this work presents a modified
saturated RISE control for a system with a non-diagonal,
state-dependent input matrix, and derives a rotor saturation-
aware robust control for a fully actuated multirotor.

The contribution of this work can be summarized as
follows:

• We propose a controller for a fully actuated multiro-
tor that considers actuator (rotor) level saturation and
ensures disturbance rejection.

• We present a modified version of the saturated RISE
control [13] to additionally handle a non-diagonal, state-
dependent input matrix and apply the method to a fully
actuated multirotor.

A. Notations and preliminaries

For a vector v, vi indicates the ith element of the
vector v, and we define diag(v) as a diagonal matrix
whose ith diagonal element is vi. A block diagonal matrix

blkdiag(A,B) =

[
A 0
0 B

]
is also defined for matrices

A,B. As shorthands, we use c(·), s(·) to denote cos(·)
and sin(·). For vectors v, w, [v;w] := [v⊤w⊤]⊤. Column
vectors of size n whose elements are all 1 and are all
0 are denoted as 1n and 0n, respectively. The identity
matrix is defined as In ∈ Rn×n. Lastly, for a vector
v ∈ Rn, Tanh(v) := [tanh(v1); tanh(v2); · · · ; tanh(vn)]
and Cosh(v) := diag([cosh(v1); cosh(v2); · · · ; cosh(vn)]).



Fig. 1: A fully actuated multirotor considered in this work. u =
[u1, · · · , u6]

⊤ indicates the rotor thrust, and L is the distance from
the geometric center of the multirotor to a rotor.

We also list properties related to tanh as follows [13]:

∥x∥2 ≥
n∑

i=1

ln(cosh(xi)) ≥
1

2
tanh2(∥x∥)

∥x∥ ≥ ∥Tanh(x)∥, ∥Tanh(x)∥2 ≥ tanh2(∥x∥).
(1)

II. EQUATIONS OF MOTION

In defining the equations of motion (EoM) of a fully ac-
tuated multirotor, we consider a single rigid body dynamics.
We denote position, orientation, and body angular velocity
of the multirotor as p, ϕ, ω ∈ R3, respectively. We use Euler
angles ϕ to represent the orientation. Inerital parameters are
mass m ∈ R>0 and mass moment of inertia J ∈ R3×3

>0 . The
body angular velocity ω and the time derivative of the Euler
angles ϕ̇ satisfy the following relationship ω = Qϕ̇ where
Q ∈ R3×3 is a corresponding Jacobian matrix. We describe
the gravitational acceleration as g ∈ R>0 and b3 = [0; 0; 1].

Then, the equations of motion of a fully actuated multiro-
tor can be written as

mp̈ = Rf −mgb3 + dt

JQϕ̈ = τ − JQ̇ϕ̇− ω∧Jω + dr
(2)

where dt, dr ∈ R3 are external disturbance in translational
and rotation motions, respectively. To allow designing a
controller for the rotor thrust so that rotor thrust saturation
can be directly taken into account, we find a relationship
between the body force and torque [f ; τ ] ∈ R6 and the
rotor thrust u = [u1; · · · ;u6] ∈ R6. Using the geometric
configuration of a fully actuated multirotor in Fig. 1, the
relationship can be written as [f ; τ ] = Au where

A =



− 1
2sα − 1

2sα sα − 1
2sα − 1

2sα sα

−
√
3
2 sα

√
3
2 sα 0 −

√
3
2 sα

√
3
2 sα 0

cα cα cα cα cα cα
− 1

2P1
1
2P1 P1

1
2P1 − 1

2P1 −P1

−
√
3
2 P1 −

√
3
2 P1 0

√
3
2 P1

√
3
2 P1 0

−P2 P2 −P2 P2 −P2 P2

 .

(3)
Here, P1 = Lcα− kfsα, P2 = Lsα+ kfcα and L,α, kf ∈
R>0 are the length from the multirotor origin to a rotor, fixed
tilt angle of a rotor, and a thrust-to-torque coefficient.

Then, the EoM can be compactly written in the following
form:

Mn(ϕ)

[
p̈

ϕ̈

]
= Au+ hn(ϕ, ϕ̇) +

[
dt
dr

]
(4)

where

Mn(ϕ) =

[
mR⊤ 0
0 JQ

]
, hn(ϕ, ϕ̇) =

[
−mgR⊤b3

−JQ̇ϕ̇− ω × Jω

]
.

III. CONTROLLER DESIGN

A. EoM reformulation

To facilitate controller design and stability analysis, we
reformulate EoM (4) to have 1) symmetric mass matrix and
2) symmetric input bound (i.e. input bound of the form −u ≤
u ≤ u). First, we ensure symmetricity of the mass matrix by
left-multiplying G = blkdiag(R,Q⊤) to (4). Next, we
define a new control input v = u − um that satisfies −v ≤
v ≤ v where um = (u + u)/2 and v = (u − u)/2. The
reformulated EoM can be arranged for q = [p;ϕ] as

M(q)q̈ = G(q)Av + h(q, q̇) + d(t) (5)

where M(q) = blkdiag(mI3, Q
⊤JQ), h(q, q̇) =

G(q)(hn(q, q̇)+Aum), and d = G(q)[dt; dr]. Assuming that
the orientation is confined in S = {q||ϕ1|, |ϕ2| < ρ} where
ρ < π/2, Q is nonsingular. Thus, from the fact that m being
a positive constant and J being a positive definite constant
matrix, the mass matrix satisfies the following property for
some m,m > 0:

m ≤ ∥M(q)∥ ≤ m ∀q ∈ S. (6)

B. Saturated robust control

Considering system dynamics (5) and the control input
v, we aim to design a controller that satisfies the following
conditions: 1) −v ≤ v ≤ v and 2) q → qd. Accordingly, we
design a saturated robust controller motivated by [13, 14] in
which a control law for u is designed for a dynamics of the
following structure:

M(q)q̈ = f(q, q̇, t) + u+ d(t). (7)

Compared to the above dynamics (7) considered in the previ-
ous papers, dynamics considered in this work (5) additionally
includes a non-diagonal, configuration-dependent input ma-
trix G(q)A. Although the same control law in the previous
papers can be employed by introducing a new control input
and finding a conservative, symmetric input bound for the
new input, such method can excessively shrink the allowable
control input1. Thus, in this section, we propose a modified
control law that can additionally consider a time-varying
input matrix while not sacrificing the input bound.

1As done in [13], if a new control input µ = G(q)Av exists whose
symmetric bound µ > 0 satisfies A−1G(q)−1µ ≤ v for all q, then the
same control law in the previous papers can be utilized with the newly
defined control input µ. However, such µ may not exist or result in an
excessively small bound, especially considering a non-diagonal matrix A.



Before presenting a controller, we define error variables
e1, e2, ef as

e1 = qd − q

e2 = ė1 + Λ1Tanh(e1) + ef

ėf = −Γ1e2 + Tanh(e1)− Γ2ef

(8)

where Λ1,Γ1,Γ2 ∈ Rn×n
>0 are diagonal gain matrices. From

below, if not ambiguous, we omit any dependence of a
variable (e.g. M(q) to M ) for brevity. Based on these filtered
error variables, we construct the following saturated robust
controller:

v = Γ1Tanh(z)

ż = Cosh2(z)Γ−1
1 A−1G−1

(
MΓ1

{
Λ2Tanh(e2)+

Λ3e2 + Γ2e2
}
+Θsgn(e2)− ĠAv

) (9)

where Λ2,Λ3,Θ ∈ Rn×n
>0 are also diagonal gain matrices.

By taking Γ1 = diag(v), it can be easily observed that the
input bound condition −v ≤ v ≤ v is satisfied.

IV. STABILITY ANALYSIS

To analyze stability of the closed-loop system composed
of (5) and (9), we first define a variable r to ease the analysis:

r = ė2 + Λ2Tanh(e2) + Λ3e2.

Using (5), (8), and the definition of r, the following can be
established.

Mr = S − hd +Mq̈d − d−GAv −MΓ1e2

S = MΛ1Cosh−2(e1)
(
e2 − Λ1Tanh(e1)− ef

)
+

M (Tanh(e1)− Γ2ef ) +MΛ2Tanh(e2)+
MΛ3e2 + (hd − h)

where hd = h(qd, q̇d). Then, we obtain the following using
the time derivative of the above equation and (9).

Mṙ = Ñ +Nd −MΓ1r −Θsgn(e2)− 1
2Ṁr−

Tanh(e2)− e2

Ñ = Ṡ −MΓ1Γ2e2 + Tanh(e2) + e2 − Ṁ(Γ1e2 +
1
2r)

Nd = Ṁ q̈d +M
...
q d − ḣd − ḋ

(10)
For the analysis, we assume that there exist ζNd1

, ζNd2
∈

Rn
>0 satisfying ζNd1,i = supt|Nd,i(t)| and ζNd2,i =

supt|Ṅd,i(t)|.
Now, we take a candidate Lyapunov function V as

V =

n∑
i=1

ln(Cosh(e1i)) +
n∑

i=1

ln(Cosh(e2i))+

1

2
e⊤2 e2 +

1

2
r⊤Mr +

1

2
e⊤f ef + P

(11)

where P satisfies the following:

Ṗ = − r⊤(Nd −Θsgn(e2))

P (t0) =

n∑
i=1

θi|e2i(t0)| − e2(t0)
⊤Nd(t0).

(12)

Lemma 1: By taking a sufficient large Θ satisfying θi >
ζNd1,i + λ−1

3,i ζNd2,i, then P (t) ≥ 0 ∀t ≥ t0.
Proof: The proof is finished using the diagonal property

of Λ2,Λ3,Θ and [14, Lemma 3].
Theorem 1: Assuming that control gains satisfy the fol-

lowing:

λ1 >
1

2
, λ3 >

1

2
+

γ̄2
1ξ

2

4
, γ

2
>

1

ξ2
, mγ

1
> η

θi > ζNd1,i + λ−1
3,i ζNd2,i ∀i, 4ηµ > ρ2(∥w(0)∥)

where η, ξ ∈ R>0 are adjustable positive constants to
be defined, and a, a ∈ R are minimum and maximum
eigenvalues of a matrix A. A concatenated error vector
is defined as w = [Tanh(e1); e2; r; ef ]. Then, the closed-
loop system consisting of dynamics (5) and controller (9) is
locally asymptotically stable.

Proof: Using the symmetric property of M matrix, (1),
(10), and (12), we can compute the following inequality for
V̇ .

V̇ = ė⊤1 Tanh(e1) + ė⊤2 Tanh(e2) + ė⊤2 e2 + ṙ⊤Mr+

1

2
r⊤Ṁr + ė⊤f ef + Ṗ

≤ − λ1∥Tanh(e1)∥2 − (2λ2 + λ3)∥Tanh(e2)∥2−
λ3∥e2∥2 − γ

2
∥ef∥2 −mγ

1
∥r∥2 + r⊤Ñ−

e⊤f Γ1e2 + Tanh(e1)⊤e2

The upper bound of Ñ can be expressed as ∥Ñ∥ ≤
ρ(∥w∥)∥w∥ using the Mean Value Theorem. ρ(·) ∈ R is
a positive, strictly increasing function.

We further elaborate V̇ as

V̇ ≤ −

(
µ−

ρ2(∥w∥)
4η

)
∥w∥2 (13)

where

µ = min

{
λ1 −

1

2
, λ3 −

1

2
−

γ̄2
1ξ

2

4
, γ

2
−

1

ξ2
,mγ

1
− η

}
.

In the derivation, the following Young’s inequalities are
employed for η, ξ > 0:

ρ(∥w∥)∥w∥∥r∥ ≤
ρ2(∥w∥)

4η
∥w∥2 + η∥r∥2

γ̄1∥ef∥∥e2∥ ≤
1

ξ2
∥ef∥2 +

γ̄2
1ξ

2

4
∥e2∥2.

Let x = [e1; e2; r; ef ], y = [x;
√
P ], and define a domain

D = {y ∈ R4n+1|∥y∥ ≤ ρ−1(2
√
µη)}. Using (1) and

Lemma 1, the lower and upper bounds of V can be obtained
as

ϕ1(y) ≤ V (y) ≤ ϕ2(y) ∀y ∈ D (14)

where ϕ1(y) = 1
2 min(1,m)tanh2(∥y∥) and ϕ2(y) =

1
2 max( 12m, 3

2 )∥y∥
2. Revisiting the definition of D and (13),

the following holds for ϕ(y) = ctanh2(∥x∥) and some
positive constant c.

V̇ ≤ −ϕ(y) ∀y ∈ D. (15)



TABLE I: Simulation settings

Parameter Value Unit

q(0)
qd(t)
d(t)
L
kf
α
u
u
m
Jb

[0; 0; 0; 0; 0; 0]
[cos(π

5
t); sin(π

5
t); 1.0; 0; 0; 0]

[5 sin(π
5
t); 0;−5; 0; 0.05; 0]

0.258
0.016
30
2016

06

2.9
diag([0.035; 0.035; 0.045])

m or rad
m or rad
N or Nm
m
m
deg
N
N
kg
kgm2

TABLE II: Controller parameters

Parameter Value Parameter Value

Γ1

Γ2

Θ

10I6
I6
blkdiag(20I3, 0.1I3)

Λ1

Λ2

Λ3

2I6
10I6
10I6

Now, asymptotic stability can be derived invoking [15,
Corollary 1].

V. RESULTS

A. Simulation setup

We validate the proposed controller in simulation. The
simulation scenario is tracking a circular trajectory in the
presence of time-varying disturbance. We devise this scenario
to illustrate that the proposed controller produces a control
input that abides to the rotor thrust limit while inducing
asymptotic stability. Detailed settings regarding initial con-
dition, ineritial parameters of the multirotor, disturbance,
and minimum and maximum rotor thrust limits are listed
in Table I. Parameters L, kf , α related to the matrix A in (3)
are also presented in the Table. Table II shows the selected
controller gains. In selecting the control gains, we first set
Γ1 = diag(u − u)/2 = 10I6. Then, Λ2,Λ3 are set to the
same value, and we tune them starting from I6. Considering
the controller structure (9), we set Θ to a smaller scale
compared to MΓ1Λ2. Although the term Θsgn(e2) may
trigger input chattering, the term plays a key role in achieving
asymptotic stability (as illustrated in Figs. 3, 4 and 5). We
tune Θ while taking this trade-off into account. Λ1,Γ2 are
tuned by first setting them as I6.

We conduct three different simulations. In the first sim-
ulation, we perform comparative study using a method in
[13, 14] with suitable modifications where no state-dependent
input matrix is allowed. In the second simulation, we set
Θ to zero so that RISE (robust integral of the sign of the
error) does not contribute to the control input. Finally, the
last simulation is performed with a non-zero Θ whose value
is in Table II. By comparing the first and last simulation
results, we validate effectiveness of the proposed method
in handling the non-diagonal, state-dependent input matrix.
Furthermore, we illustrate the strength of the sgn term in
achieving asymptotic stability by comparing the second and
third simulation results. Simulation results are visualized in
Figs. 2, 3, 4, and 5.

Fig. 2: Simulation 1 – results of modified-[13, 14].

In implementing [13, 14], since a state-dependent input
matrix is not allowed, we define a virtual control input
vc = G(q)Av by which the EoM (5) can be written as

M(q)q̈ = vc + h(q, q̇) + d(t).

The input bound for vc then needs to be defined such
that for every vc ∈ [−vc, vc], v = A−1G(q)−1vc satisfies
v ∈ [−v, v]. As done in [13], using the fact that ∥Ab∥∞ ≤
∥A∥∞∥b∥∞ for every matrix A ∈ Rn×n and vector b ∈ Rn,
we select this conservative bound vc as

vc =
min vi

∥A−1G(0)−1∥∞
1n (16)

where we impose a small angle assumption for roll and pitch
angles, leading to G(q) ≈ In. Thus, from the definition of
A in (3) and parameters in Table I, we compute the above
bound (16) and set vc = 2.281n during simulation.

Then, the control law can be written as

vc = Γ1Tanh(zc)

żc = Cosh2(zc)Γ−1
1

(
MΓ1

{
Λ2Tanh(e2) + Λ3e2 + Γ2e2

}
+

Θsgn(e2)
)

where Γ1 here is Γ1 = diag(vc), and the other gains follow
the values in Table II.

B. Analysis

For the first simulation result in Fig. 2, errors in both
translation and rotation directions diverge. This is mainly
due to the conservative input bound which is resulted from
inability of a controller to handle a non-diagonal, state-
dependent input matrix. The shrunk input bound compared
to the actual input bound u, u can be observed in the bottom
graph in Fig. 2. On the other hand, by incorporating the input
matrix structure in the controller, the actual input bound can



Fig. 3: Simulation 2 – results without the sgn term.

be fully exploited in the proposed controller. Accordingly, as
in Fig. 4, stability is preserved during the same simulation
setting.

Next, we compare the results from simulation 2 and 3.
As can be observed in the bottom graphs of Figs. 3 and
4, the control inputs are bounded between the maximum
and minimum values marked in magenta solid lines. Such
property is endowed by the structure of the proposed control
law where rotor thrust saturation is directly addressed using
the tanh function. Input chattering can be observed in the
bottom graph of Fig. 4 as in consequence of introducing
sgn while Fig. 3 shows no such phenomenon. As will be
discussed below, this is a trade-off for achieving asymptotic
stability. To mitigate this issue, one possible approach would
be replacing sgn with a continuous counterpart.

By comparing the results of Figs. 3 and 4, particularly
the data in the enlarged graphs, it can be confirmed that sgn
function does contribute to asymptotic stability. The result
with non-zero Θ in Fig. 4 shows much smaller magnitude
of errors in the enlarged graphs than the one with Θ = 0 in
Fig. 3. We further visualize this analysis in Fig. 5 where the
results of the two simulations are projected to the XY plane.
Since this figure is to analyze asymptotic behavior, only the
results after the transient phase, i.e. t ≥ 5 s, are visualized.
The trajectory obtained from the proposed method (blue solid
line) outperforms that without the sgn term (red solid line)
in tracking the reference trajectory displayed with the black
dashed line.

VI. CONCLUSION

This work presents a saturated RISE control for a fully
actuated multirotor to consider rotor thrust saturation and
disturbance rejection. We first reformulate the dynamics of

Fig. 4: Simulation 3 – results with the proposed method.

Fig. 5: Comparison between the results of simulation 2 and 3. To
compare the results during the steady-state phase, we only plot the
results after the transient phase (i.e. t ≥ 5 s).

a fully actuated multirotor to have a symmetric input bound
and a symmetric mass matrix. Then, compared to the existing
saturated RISE controller, we modify the control law to be
capable of handling a non-diagonal, state-dependent input
matrix. By directly incorporating the input matrix structure
in the control law, the control law fully exploits the whole
input bound unlike the previous works which sacrifice the
allowable input bound. We present formal stability analy-
sis for local asymptotic stability even under time-varying
external disturbance. The proposed method is validated in
simulation where we conduct comparative studies with the



previous work which requires input bound shrinking, and
with the case without the sgn term in the control law. As a
future work, we aim to perform hardware experiments.
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